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ROBUST NONGENERIC UNFOLDINGS OF CYCLES AND TANGENCIES
PABLO G. BARRIENTOS AND ARTEM RAIBEKAS
Abstract. We construct open sets of non-generic unfoldings of heterodimensional cycles of
any co-index c > 0 and homoclinic tangencies of arbitrary codimension c > 0. These sets are
known to be the support of unexpected phenomena in families of diffeomorphisms, such as
the Arnold-Kolmogorov typical co-existence of infinitely many attractors. As a prerequisite
for these results, we also construct robust homoclinic tangencies of large codimension inside
weak partially hyperbolic sets.
1. Introduction
Robust homoclinic tangencies and robust heterodimensional cycles are, in general, pre-
requisites for obtaining abundant complicated dynamical systems [New70, GSˇ72, New74,
BD08, BD12]. Both configurations imply the existence of a non-transversal intersection
between the stable and unstable manifolds of points in the same or in different transitive
hyperbolic sets. A priori, the non-transverse intersection could be destroyed by a small
perturbation. But since it is robust, this means that a new non-transverse intersection is
created between the manifolds of the continuation of the hyperbolic sets. The unfolding of
these bifurcations yields a great number of changes in the dynamics. For instance, infinitely
many saddle periodic points and sinks appear in the unfolding of homoclinic tangencies.
Hence, the persistence of these bifurcations allowed to get a generic coexistence of infinitely
many periodic attractors [New79, GTS93, PV94].
The construction of robust tangencies in lower dimension is based on the creation of
thick horseshoes involving distortion estimates which are typically C2. However, in higher
dimensions it was possible to construct robust homoclinic tangencies in the C1-topology
using blenders [Asa08, BD12]. Blenders are hyperbolic sets having a thicker invariant
manifold than initially expected. They were discovered by Bonatti and Diaz [BD96] and
now are essential objects in the study of non-hyperbolic dynamics. On the other hand, all
of the above mentioned constructions are of codimension one. That is, the dimension of
the coincidence of the tangent spaces at the tangent point. Recently in [BR17], the authors
gave the first examples of C2-robust tangencies of large codimension. The novelty in the
construction was the use of the blender for the dynamics induced in the tangent bundle.
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Adifferent approach, when compared to the generic resultsmentioned above, is to look for
bifurcations of homoclinic tangencies in parametric families of diffeomorphisms. For decades
it was thought that the coexistence of infinitely many hyperbolic attractors was meager in
families of dynamical systems [PS96]. However, recently and far from intuition, Berger
showed in [Ber16] that actually these phenomena form a residual set. Behind this result
was the construction of open sets of families of endomorphisms with robust homoclinic
tangencies and with an extra property: the family unfolds a tangency non-generically.
This means the unfolding is slow in the sense of the zeroing of the first terms in a certain
Taylor polynomial describing the local separation between the manifolds. Although a non-
generic unfolding of a tangency could be destroyed by a small perturbation of the family,
this perturbation has another tangency which unfolds non-generically. The mechanism
involved in these constructions of Berger [Ber16] is also the blender, but now constructed for
the dynamics induced in the space of jets (the space of velocities). See also [BCP16, Ber17b].
The objective of the present work is to unite the construction of [BR17] and [Ber16] to
obtain robust non-generic unfoldings of homoclinic tangencies of large codimension for
families of diffeomorphisms. Only this will not be done by merely combining the two
previous results. Here we present a new method of construction of robust tangencies of
large codimension, different from the one in [BR17]. This is a generalization to higher
codimension of the construction in [BD12] using folding manifolds. It is expected that the
unfolding of these robust degenerated tangencies gives new dynamical consequences. For
example, the existence of residual sets with infinitely many attracting invariant tori of large
dimension. Furthermore, these results are also expected typically for families on the open
set of non-generic unfoldings of large tangencies obtained in this work.
1.1. Bifurcation and codimension. Let L and S be submanifolds ofM. For x ∈ L ∩ S,
cx(L, S) = dimM − (dimTxL + dimTxS − dimTxL ∩ TxS), (1)
is called the codimension at the intersection point x associated with L and S. We say that
L and S have a bifurcation of codimension c at x ∈ L ∩ S if cx(L, S) = c. Bifurcations of
codimension c = 0 are called transverse intersections and non-transverse intersections otherwise.
This number measures the minimum number of parameters that one needs to provide a
universal unfolding of the bifurcation [MG84].
A non-transversal intersection between two submanifolds is said to be tangencial when
the tangent spaces have a non-trivial intersection. Otherwise, it is said to be quasi-tranversal.
A bifurcation of a non-transversal intersection can be interpreted in two different forms:
as a bifurcation of the connection between manifolds or as a bifurcation of the coincidence
between the tangent spaces in the tangencial case. The first type is a break of the distance
between submanifolds of M and it will be called the bifurcation of a connection. The second
type occurs on the tangent bundle of M (in fact, in certain Grassmannian bundles) and will
be referred to as a bifurcation of a tangency. Figure 1 shows examples in a three-dimensional
manifold of transverse and non-transverse intersections.
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Figure 1. Figure 1(a) shows a transverse intersection at the point x1 and a non-transverse tangencial
intersection of codimension c = 1 at x2. Figure 1(b) shows bifurcations of codimension c = 1 and
c = 2 at y1 and y2 respectively. At y1 we have a quasi-transverse intersection and at y2 we have a
tangencial intersection.
1.2. Heterodimensional cycles and homoclinic tangencies. A Cr-diffeomorphism f of a
manifold M has a homoclinic tangency of codimension c > 0 if there is a pair of points P and
Q, in the same transitive hyperbolic set, so that the unstable invariant manifold of P and the
stable invariant manifold of Q have a red non-transverse intersection of codimension c at a
point Y. That is,
Y ∈ Wu(P) ∩Ws(Q) and c = cY(W
u(P),Ws(Q)) = dimTYW
u(P) ∩ TYW
s(Q).
We say that the tangency is large (or degenerated) if c ≥ 2. Although homoclinic tangencies
could be seen as a bifurcation of a connection, we will consider them as bifurcations of
a tangency. Similarly, f has a heterodimensional cycle of co-index c > 0 if there exist two
transitive hyperbolic sets Λ and Γ such that their invariant manifolds meet cyclically and
|inds(Λ) − inds(Γ)| = c. Here inds(·) denotes the dimension of the stable bundle of the
respective set. The co-index of the cycle implies, that by an arbitrarily small perturbation if
necessary, we can assume there is a quasi-transverse intersection at a point Y of codimension
c between the unstable and stable manifold of a pair of points P and Q belonging to Λ e Γ.
That is,
Y ∈ Wu(P) ∩Ws(Q) and c = cY(W
u(P),Ws(Q)) = dimM − dim(TYW
u(P) + TYW
s(Q)).
Therefore, in general, heterodimensional cycles of co-index c also define a bifurcation of codi-
mension c. Moreover, we will see a heterodimensional cycle as bifurcation of a connection.
1.3. Robust tangencies of large codimension. Robust homoclinic tangencies of large codi-
mension in the C2-topology were recently discovered in [BR17] inside strong partially hyper-
bolic sets. That is, invariant sets with a dominated splitting of the form Es ⊕ Ec ⊕ Eu, where
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Es and Eu are the non-trivial contracting and expanding bundles respectively. Here, we will
construct new examples of a different nature from the robust tangencies of large codimen-
sion showed in [BR17]. This is because they cannot be embedded inside a strong partially
hyperbolic set. At the point of tangency, the splitting is of the form Es ⊕ Ec, where Ec cannot
be divided into neither contracting nor expanding subbundles. In this case, we say that the
tangency is inside a weak partially hyperbolic set.
Theorem A. Every manifold of dimension m > c2 + c admits a diffeomorphism having a C2-robust
homoclinic tangency of codimension c > 0 inside a weak partially hyperbolic set.
Notice that the above theorem gives as a particular case the well-known results [GTS93,
PV94, Rom95] about C2-robust homoclinic tangencies of codimension one in higher dimen-
sions. Here, we provide a different proof inspired by the construction of C1-robust homo-
clinic tangencies of Bonatti and Dı´az in [BD12]. The concepts of folding manifolds and blenders
constructed in the tangent bundle allows us to extend their result to large codimension.
1.4. Non-generic unfoldings. A bifurcation of codimension c at a point Y between the
unstable manifoldWu(P) and the stable manifoldWs(Q) of a map f as above can be unfolded
by considering Cd-families ( fa)a of C
r-diffeomorphisms parameterized by a ∈ Ik with f0 = f
and I = [−1, 1]. Since the codimension of the bifurcation indicates the minimum number of
parameters necessary to provide an universal unfolding, one only needs to consider k ≤ c.
Many articles usually impose a generic condition on the velocity of the unfolding. It is
assumed that the distance between the manifolds has positive derivative with respect to the
parameter:
dδ
da
(0) , 0 where δ(a) = min{d(x, y) : x ∈ Wu(Pa) ∩U, y ∈ W
s(Qa) ∩U}.
Here Pa, Qa are the continuations of the hyperbolic saddles P0 = P and Q0 = Q for fa
respectively andU is a small neighborhood of Y. However, in this work we are interested in
studying bifurcations where this generic assumption fails.
The unfolding of a bifurcation of a connection between Wu(P) and Ws(Q) is said to be
Cd-non-generic if there exist
pa ∈ W
u
loc(Pa) and qa ∈ W
s(Qa) so that d(pa, qa) = o(‖a‖
d) at a = 0,
where p0 = q0 = Y and pa, qa vary C
d-continuously with respect to the parameter a ∈ Ik.
Similarly, the unfolding of a bifurcation of a tangency of codimension c > 0 is said to be
Cd-non-generic if there are points pa ∈ W
u
loc
(Pa), qa ∈ W
s(Qa) and c-dimensional subspaces
Ea ≤ TpaW
u(Pa), Fa ≤ TqaW
s(Qa) such that
d(pa, qa) = o(‖a‖
d) and d(Ea, Fa) = o(‖a‖
d) at a = 0.
Here Pa and Qa are the continuations of P0 = P and Q0 = Q for fa. Also p0 = q0 = Y and
(pa,Ea), (qa, Fa) vary Cd-continuously with respect to the parameter a ∈ Ik.
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1.5. Open sets of families with non-generic unfoldings. Non-generic unfoldings bring
interesting dynamical consequences. For instance, as it was pointed out by Turaev in [Tur03],
a non-generic unfolding of a dissipative homoclinic tangency for surface diffeomorphisms
leads to a dense set of families which have infinitelymany sinks for aparameter interval. This
was thefirst indication that the situationmight bemore complicated thanpreviously thought.
As already mentioned, it was thought that the coexistence of infinitely many sinks was
meager within the typical unfolding of tangencies [PS96]. Typical here is understood in the
sense of Arnold-Kolmogorov, i.e., a property is typical if there exists a Baire generic set of Cd-
families ofCr-dynamics so that the property is satisfied by Lebesgue almost every parameter
of the family. However, recently Berger discovered in [Ber16] that actually these non-generic
unfoldings are more common than one might think. Namely, he constructed open sets in
the Cd,r-topology of Cd-families of Cr-dynamics (surface endomorphisms) displaying non-
generic unfoldings of tangencies of codimension c = 1 (see §1.6 for more details about the
topology). In order to be more precise, we introduce the following definitions:
A k-parameter Cd-family f = ( fa)a of C
r-diffeomorphisms fa is a
- Cd,r-robust Cd-non-generic unfolding of a heterodimensional cycle of co-index c at a = 0 if there
are transitive hyperbolic setsΛ0 and Γ0 of f0 with co-index c and aC
d,r-neighborhoodU
of f , such that any g = (ga)a ∈ U is a C
d-non-generic unfolding of a heterodimensional
cycle of co-index c > 0 at a = 0 associated with the continuations of Λ0 and Γ0 for g0.
- Cd,r-robust Cd-non-generic unfolding of a homoclinic tangency of codimension c at a = 0 if
there are a transitive hyperbolic set Λ0 of f0 and a C
d,r-neighborhood U of f , such
that any g = (ga)a ∈ U is a C
d-non-generic unfolding of a homoclinic tangency of
codimension c > 0 at a = 0 associated with the continuations of Λ0 for g0.
For simplicity, we have chosen a = 0 as the critical parameter of the unfolding. However,
non-generic unfoldings can also be introduced at any other parameter a = a0 with a0 ∈ I
k.
We say that f = ( fa)a is a C
d,r-robust Cd-non-generic unfolding of a heterodimensional
cycle (or a tangency) at any parameter when any g = (ga)a ∈ U has a heterodimensional
cycle (or a tangency) at a = a0 which unfolds C
d-non-generically for all a0 ∈ I
k. Robust
non-generic unfoldings at any parameter are the support of unexpected phenomena as the
typical coexistence of infinitely many sinks [Ber16], infinitely many non-hyperbolic strange
attractors [Roj17] and fast growth of periodic points [Ber17c] among others.
We will extend Berger’s construction [Ber16, Ber17b] of open sets of families of surface
endomorphisms, which are non-generic unfoldings of tangencies of codimension c = 1, for
families of diffeomorphisms of dimension m ≥ 3 and for arbitrarily large codimension.
Theorem B. Any manifold of dimension m > c2+ c admits a k-parameter Cd-family of Cr-diffeomor-
phisms with 0 < d < r− 1, which is a Cd,r-robust Cd-non-generic unfolding of a homoclinic tangency
of codimension c > 0 at any parameter.
We will also show the existence of robust non-generic unfoldings of heterodimensional
cycles of any co-index at any parameter:
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Theorem C. Any manifold of dimension m > 1+ c admits a k-parameter Cd-family of Cr-diffeomor-
phisms with 0 < d < r which is a Cd,r-robust Cd-non-generic unfolding of a heterodimensional cycle
of co-index c > 0 at any parameter.
1.6. Topology of families of diffeomorphisms. Set I = [−1, 1]. Given 0 < d ≤ r ≤ ∞, k ≥ 1
and manifolds M and N, we denote by Cd,r(Ik,M,N) the space of Cd-families f = ( fa)a of
Cr-maps fa fromM to N parameterized by a ∈ I
k such that
∂ia∂
j
x fa(x) exists continuously for all 0 ≤ i ≤ d, 0 ≤ i + j ≤ r and (a, x) ∈ I
k ×M.
We endow this space with the compact open topologywith respect to the considered deriva-
tives. By a slight abuse of notation, notice that Cd,r(Ik,M,N) ⊂ Cd(Ik,Cr(M,N)). In fact, in
what follows we restrict our attention to Cd-families f = ( fa)a of C
r-diffeomorphisms fa of a
manifoldM of dimensionm ≥ 3. The case of endomorphisms of dimension 2was intensively
dealt in [Ber16, Ber17b, Ber17a, BCP16].
1.7. Structure of the paper. Section §2 contains the definition of a blender, one of the main
tools in this paper. In section §3 we prove Theorem A. After that, we describe formally
the notion of non-generic unfoldings in section §4. In §5 we recall and develop the notion
of parablenders, the second main tool of the paper. Finally in sections §6 and §7 we prove
Theorems C and B respectively.
2. Blenders
We attribute the following definition to Bonatti and Dı´az (see [BBD16]). Blenders were
initially defined having codimension c = 1 (see [BD96, BDV05, BD12]) and blender with
large codimension were first studied in [NP12, BKR14, BR17].
Definition 2.1. Let f be a Cr-diffeomorphism of a manifoldM. A compact set Γ ⊂ M is a cs-blender
of codimension c > 0 if
i) Γ is a transitive maximal f -invariant hyperbolic set in a relative compact open set U,
Γ =
⋂
n∈Z
f n(U) and TΓM = E
ss ⊕ Ec ⊕ Eu
where Es = Ess ⊕ Ec is the stable bundle, ss = dimEss ≥ 1 and c = dimEc ≥ 1,
ii) there exists an open set D ss of C1-embeddings of ss-dimensional discs intoM, and
iii) there exists a C1-neighborhood U of f ,
such that
Wuloc(Γg) ∩D , ∅ for all D ∈ D
ss and g ∈ U
where Γg is the continuation of Γ for g. The set D
ss is called the superposition region of the blender.
A cu-blender of codimension c is cs-blender of codimension c for f−1. Finally a double-blender
of codimension (cs, cu) is simultaneously a cs-blender of codimension cs > 0 and cu-blender of
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codimension cu > 0. Notice that this implies that a double-blender Γ has a partially hyperbolic
splitting of the form
TΓM = E
ss ⊕ Ec ⊕ Euu
where Ec = Ecs ⊕ Ecu with dimEcs = cs and dimEcu = cu.
The hyperbolicity of Γ implies that given a point x ∈ Wu
loc
(Γ)∩D, there is a point z ∈ Γ such
that x ∈ Wu
loc
(z) ∩D. Observe that the local unstable manifold of z is a C1-embedded disc of
dimension u = dimEu and D is a ss-dimensional disc. These two discs are in relative general
position if it holds that
TxW
u
loc(z) + TxD = TxW
u
loc(z) ⊕ TxD.
In this case, we have a bifurcation of codimension
cx(W
u
loc(z),D) = dimM − dim(TxW
u
loc(z) + TxD) = dimM − (u + ss) = c ≥ 1.
For this reason the cs-blender is said to have codimension c > 0.
2.1. Covering criterium. In [BKR14, BR17] blenders of large codimension were constructed
by using the covering criterium. Namely, we consider C1-diffeomorphisms of a product
manifold which are locally defined as a skew-product as explained below.
First, we consider a C1-diffeomorphism F of a manifold N having a horseshoe Λ which is
the maximal F-invariant set in the closure of some bounded open set R of N. The horseshoe
has stable index (dimension of the stable bundle) equal to ss = inds(Λ) > 0 and satisfies that
i) F|Λ is conjugate to a shift of κ-symbols and
ii) there exists 0 < ν < 1 such that
m(DF(x)) ≤ ν < 1 < ν−1 ≤ ‖DF(x)‖ for all x ∈ Λ.
Herem(T) = ‖T−1‖−1 denotes the co-norm of a linear operator T. Let {R1, . . . ,Rκ} be an open
covering ofΛ, whose intersectionwithΛ is a Markov partition. There is no loss of generality
in assuming that R = R1 ∪ · · · ∪ Rκ and moreover that R has a smooth boundary.
Now takeC1-diffeomorphismsφ1, . . . , φκ of anothermanifoldM of dimension c > 0, which
are local (λ, β)-contractions in a bounded open set D ⊂ M, with 0 < λ < β < 1:
φℓ(D) ⊂ D and λ < m(Dφℓ(y)) < ‖Dφℓ(y)‖ < β < 1 for all y ∈ D and ℓ = 1, . . . , κ.
Finally, we consider a C1-diffeomorphismΦ ofM = N×M locally defined as a skew-product
Φ = F ⋉ (φ1, . . . , φκ) on U = (R1 ×D) ∪ · · · ∪ (Rκ ×D)
so that
Φ(x, y) = (F(x), φ(x, y)) with φ(x, y) = φℓ(y) if (x, y) ∈ Rℓ ×D.
Notation. In the rest of the paper, we will use the notation
Ψ = G ⋉ (ψ1, . . . , ψκ) on V = V1 ∪ · · · ∪ Vκ
to define the skew-product mapΨ(x, y) = (G(x), ψℓ(y)) with (x, y) ∈ Vℓ for ℓ = 1, . . . , κ, where
V1, . . . ,Vκ are pairwise disjoint sets.
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The following theorem shows that under the assumption of domination and the covering
criterium, the map Φ has a cs-blender of codimension c > 0.
Theorem 2.2 ([BKR14, BR17]). Let Φ be a C1-diffeomorphism of a manifold M locally defined as a
skew-product Φ = F ⋉ (φ1, . . . , φκ) on U as above. Assume that
i) the hyperbolic base F|Λ dominates the fiber dynamics φℓ, i.e, it holds that ν < λ,
ii) there exists an open set B ⊂ D such that B ⊂ φ1(B) ∪ · · · ∪ φκ(B).
Then the maximal invariant set Γ ofΦ inU is a cs-blender of codimension c whose superposition region
contains the set of almost horizontal ss-dimensional discs properly C1-embedded into B = R × B.
The open setB ofM is called the superposition domain. Recall that by a properCr-embedded
ss-dimensional disc D into B (or a ss-dimensional Cr-disc in B for short) one understands an
injective Cr-immersionD : [0, 1]ss → B so thatD(∂[0, 1]ss) = D([0, 1]ss)∩ ∂B andD([0, 1]ss) is
transverse to (∂R) × B in any point of D(∂[0, 1]ss). Also, we identify the embeddingD with
its image D([0, 1]ss).
Definition 2.3. We say that a ss-dimensional C1-disc D in B = R × B is δ-horizontal if
i) there is a point y ∈ B such that d(y, h(ξ)) < δ for all ξ ∈ [0, 1]ss where h = P ◦ D and
P : N ×M → M is the standard projection on the fiber spacer M;
ii) Cν < δ where C > 0 is a Lipschitz constant of h = P ◦D:
d(h(ξ), h(ξ′)) ≤ Cd(ξ, ξ′) for all ξ, ξ′ ∈ [0, 1]ss.
Since D is a C1-disc notice that C is any positive constant satisfying ‖Dh‖∞ ≤ C. If δ = 0
we say that D is horizontal. The set of almost-horizontal ss-dimensional C1-discs in B is formed
by the δ-horizontal discs in B for some uniform δ > 0.
Remark 2.4. According to [BR17], in Theorem 2.2 the parameter δ > 0 in the definition of
almost-horizontal family of discs depends on the Lebesgue number L > 0 of the cover of B
and the contraction bound λ < 1. Namely, we can take any δ > 0 so that δ < λL/2.
In the next sections we provide the existence of diffeomorphisms having robust bifurca-
tions of non-transverse intersections in any manifold of dimension m ≥ 3. Since we will
work in local coordinates, we may assume that the product manifold M = N ×M is of the
formRm = Rn×Rc with n ≥ 2 and c ≥ 1. Moreover, we ask that n = ss+u. Our constructions
will use the following particular class of blenders constructed from the covering criterium.
2.2. Affine blender. Consider a Cr-diffeomorphism F of Rn having a horseshoe Λ in the
closure of the open cube V = (−2, 2)n. The horseshoe has stable index ss = inds(Λ) > 0 and a
large κ number of legs, specified later. We notice that this number will depend only on the
dimension c. For simplicity, assume that
Rℓ = (−2, 2)
ss × Iℓ, ℓ = 1, . . . , κ
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is a Markov partition ofΛwhere Iℓ is an open disc in [−2, 2]u and F is affine on each rectangle
Rℓ. That is, there are 0 < ν < 1 and linear maps Sℓ : Rss → Rss and Uℓ : Ru → Ru such that
DF =
(
Sℓ 0
0 Uℓ
)
on Rℓ where ‖Sℓ‖, ‖U
−1
ℓ ‖ < ν for ℓ = 1, . . . , κ.
Take affine (λ, β)-contractions φ1, . . . , φκ on D = (−2, 2)c with ν < λ < β < 1. That is, Cr-
diffeomorphismsφℓ ofRc such that φℓ(D) ⊂ D and there are linear maps Tℓ : Rc → Rc so that
Dφℓ(y) = Tℓ for all y ∈ D and λ < m(Tℓ) ≤ ‖Tℓ‖ < β for ℓ = 1, . . . , κ.
Moreover, we ask that there is an open set B ⊂ D containing the origin such that
B ⊂ φ1(B) ∪ · · · ∪ φκ(B). (2)
Example 2.5. Take φ±(t) = λt ± (1 − λ) for t ∈ [−2, 2] with 1/2 < λ < 1 and consider
φℓ = φℓ1 × · · · × φℓc on D = (−2, 2)
c for any ℓ = (ℓ1, . . . , ℓc) ∈ {−,+}
c.
Observe that here κ = 2c. It is not difficult to see that B = (−1, 1)c satisfies (2).
Finally we consider a Cr-diffeomorphism Φ of Rm locally defined as the skew-product
Φ = F ⋉ (φ1, . . . , φκ) on U = (R1 ×D) ∪ · · · ∪ (Rκ ×D).
According to Theorem 2.2, the maximal invariant set Γ in U is a cs-blender of codimension
c > 0. The superposition region of discs D ss contains the set of almost horizontal ss-
dimensional discs properly C1-embedded into B = R × B where R = R1 ∪ · · · ∪ Rκ.
3. Robust homoclinic tangencies
In this section we prove Theorem A. We provide the existence of Cr-diffeomorphisms
with r ≥ 2 having C2-robust homoclinic tangencies by constructing these objets in local
coordinates. Thus, we will work in Rm = Rn × Rc with n ≥ 2 and c ≥ 1. Throughout this
section, we ask that n = ss+u and c = u2 but we keep the notation u, c in order to distinguish
coordinates.
3.1. Grassmannian manifold. Let f be a Cr-diffeomorphism of Rm. We will consider an
induced map by f on the Grassmannian manifold Gu(R
m) = Rm × G(u,m) given by
f u : Gu(R
m) → Gu(R
m), f u(x,E) = ( f (x),Df (x)E)
whereG(u,m) is the set of u-planes inRm. Notice that f u is a Cr−1-diffeomorphism ofGu(Rm).
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3.2. Blender induced on the Grassmannian manifold. Fix r ≥ 2. We will start by consider-
ing a Cr-diffeomorphism Φ ofRm locally defined as a skew-productΦ = F ⋉ (φ1, . . . , φκ) and
having an affine cs-blender Γ, as in §2.2. Notice that for each ℓ = 1, . . . , κ, the differential map
DΦ(x, y) is the same linear map DΦℓ for all (x, y) ∈ Rℓ ×D. Moreover, Eu = {0ss} ×Ru × {0c}
is an attracting fixed point of the action of these maps on G(u,m) with eigenvalues less than
βν < 1. Let Cu be an open neighborhood of Eu in G(u,m) so that DΦℓ · Cu ⊂ int(Cu). The
Grassmannian induced map Φu restricted to Rℓ ×D × C
u is given by
Φ
u(x, y,E) = (F(x), φi(y),DΦℓ · E) for all ℓ = 1, . . . , κ.
By a change of coordinates we can write Φu restricted to Uu = U × Cu as the skew-product
Φ
u
= Fu ⋉ (φ1, . . . , φκ) on U
u
= (Ru1 ×D) ∪ · · · ∪ (R
u
κ ×D)
where
Fu = F ⋉ (DΦ1, . . . ,DΦκ) on R
u
= R
u
1 ∪ · · · ∪ R
u
κ = (R1 × C
u) ∪ · · · ∪ (Rκ × C
u).
Moreover, Fu has a horseshoe Λu = Λ × {Eu}with stable index
duss
def
= inds(Λu) = ss + dimG(u,m) = ss + u(m − u).
Since βν < ν < λ thenFu|Λu dominates thefiberdynamics givenbyφ1, . . . , φκ. ByTheorem2.2,
we have that Γu = Γ × {Eu} is a cs-blender of codimension c > 0 of Φu whose superposition
region contains the set of almost-horizontal duss-dimensional C
1-discs in Bu = B × Cu.
3.3. Folding manifold with respect to the affine blender. Next we introduce the notion of
a folding manifold. To do this, we will consider a submanifold S of Rm of dimension ss + c
and 0 < δ < λL/2, where we recall that L > 0 is the Lebesgue number of the open cover (2).
In what follows we understand TzS as the subspace of R
m obtained by linear transport to
the origin from the tangent space of S at z.
Definition 3.1. We say that S is a folding Cr-manifold with respect to Bu = B × Cu if
i) S is parameterized as a (ss + c)-dimensional Cr-embedding S : [−2, 2]ss × [0, 1]c → B;
ii) there is y ∈ B such that d(g(x, t), y) < δ for all (x, t) ∈ [−2, 2]ss × [0, 1]c where g = P ◦ S is
the central coordinate of S and P is the standard projection on Rc;
iii) for all x ∈ [−2, 2]ss and E ∈ Cu there is a unique t ∈ [0, 1]c such that E ≤ TzSwith z = S(x, t).
Moreover, t = t(x,E) varies Cr-continuously with (x,E) and (‖Dg‖∞ ·max{1, ‖Dt‖∞}) ·ν < δ.
Notice that condition (iii) implies that for every x ∈ [0, 1]ss, it holds that
Cu ⊂
⋃
t∈[0,1]c
Tγ(t)S where γ(t) = S(x, t). (3)
As above, here we are understanding the closure of the open set Cu in G(u,m) as the cone Cuα
in Rm given for some small α > 0 by
Cuα = {(u, v,w) ∈ R
m
= R
ss ⊕Ru ⊕Rc : ‖u + w‖ ≤ α‖v‖}
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Figure 2. Folding manifold with respect to Bu = B × Cu.
and the tangent space Tγ(t)S as a vector space of R
m for all t ∈ [0, 1]c. In fact, condition (iii)
asks that the tangent spaces of S along the section γ covers injectively the cone Cuα around
Eu = {0ss} ×Ru × {0c} in (3). On the other hand, the cover (3) is an open property in the sense
that it holds for any small Cr-perturbation of the manifold S.
Example 3.2. For ǫ > 0 so that [−ǫ, ǫ]c ⊂ B, we consider the (ss + c)-dimensional embedding
S : [−2, 2]ss × [−ǫ, ǫ]c → Rm, S(x, t) = (x, (t1, . . . , tu), g(x, t)) ∈ R
ss ×Ru ×Rc
where t = (t1, . . . , tu, . . . , tc) ∈ [−ǫ, ǫ]c and g(x, t) = (g1(x, t), . . . , gi(x, t), . . . , gc(x, t)) with
gi(x, t) = ti for i = u + 1, . . . , c and
gi(x, t) = t1ti + t2tu+i + t3t2u+i + · · · + tut(u−1)u+i for i = 1, . . . , u.
Without loss of generality, we can assume that S([−2, 2]ss × [−ǫ, ǫ]c) ⊂ B. Moreover, taking
ǫ > 0 small enough we also have that d(g(x, t), 0) < δ for all (x, t) ∈ [−2, 2]ss × [−ǫ, ǫ]c. On the
other hand, TzS at z = S(x, t) is given by
TzS(x
′, t′) = (x′, (t′1, . . . , t
′
u), g¯(t
′, t)) for x′ ∈ Rss and t′ = (t′1, . . . , t
′
u, . . . , t
′
c) ∈ R
c
where
g¯(t′, t) = (g¯1(t
′, t), . . . , g¯i(t
′, t), . . . , g¯c(t
′, t))
with
g¯i(t
′, t) = t′i for i = u + 1, . . . , c and g¯i(t
′, t) =
u−1∑
j=0
t′j+1t ju+i + t j+1t
′
ju+i for i = 1, . . . , u.
The linear space Eu = {0ss} ×Ru × {0c} is generated by the set of vectors
{eu
k
= (0ss, ek, 0
c) : k = 1, . . . , u and ek is the k-th canonical vector in R
u}.
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For α > 0 small we have Cuα ≡ C
u is the set of u-dimensional vector spaces in Rm generated
by u-linearly independent vectors vk close to e
u
k
for k = 1, . . . , u. Hence, we have that for any
x ∈ [−2, 2]ss there is z ∈ S of the form z = S(x, t) such that E = 〈vk : k = 1, . . . , u〉 ≤ TzS if
and only if vk ∈ TzS for all k = 1, . . . , u. Denoting vk = (ak, bk, ck) ∈ R
ss × Ru × Rc, the above
inclusion is equivalent to the existence of t ∈ [−ǫ, ǫ]c such that for any k = 1, . . . , u
x′ = ak, t
′
= (t′k1, . . . , t
′
kc) = (bk1, . . . , bku, ck u+1, . . . , ckc) and cki = g¯i(t
′, t) for i = 1, . . . , c.
These relations can be written in a matrix form as At = ~c where ~c is a column vector
(c11, . . . , c1c, . . . , cu1, . . . , cuc)T and A is a c-by-cmatrix whose ((k + 1)c + i)-th row is given by
A(k−1)c+i =
( 1 i u u+1 c
t′
ki
. . . t′
k (i−1)u+i
. . . t′
k (u−1)u+i
0 . . . . . . . . . 0
)
+
( 1 i u (u−1)u+1 (u−1)u+i c
0 . . . 0 t′
k1
0 . . . 0 . . . . . . 0 . . . 0 t′
ku
0 . . . 0
)
for all k = 1, . . . , u and i = 1, . . . , c. In the particular case of E = Eu, for each k = 1, . . . , u we
have x′ = 0, t′ = (0, . . . , 0, 1, 0, . . . , 0) with the ”1” in the k-th position. Thus, A = Id+L where
Id is the identity matrix and L is a matrix whose first column is given by (e1, e2, . . . , eu)T,
being ek the k-th canonical vector in R
u and the rest of the elements are zero. Hence
A ≡ A(x,Eu) is a triangular matrix with detA(x,Eu) = 2 , 0. This implies that the linear
system A(x,E) · t = ~c(x,E) can be uniquely solved for any E close enough to Eu. Therefore,
taking α > 0 small enough, we get that for z = S(x, t) and t ∈ [−ǫ, ǫ]c, TzS injectively covers
the cone Cuα ≡ C
u in the sense of (iii) in Definition 3.1.
To conclude that S is a folding Cr-manifold with respect to Bu = B × Cu we need to prove
that Cν < δ where C = ‖Dg‖∞ · max{1, ‖Dt‖∞}. Since both g = g(x,E) and t = t(x,E) are
functions of class Cr then C < ∞ over [−2, 2]ss ×Cuα and thus, this condition trivially holds by
taking ν > 0 small enough. However, in Proposition A.1 in Appendix A we show that this
condition actually holds by taking ν < λL/2.
Let S be a folding Cr-manifold with respect to Bu = B × Cu. We consider
Su = {(z,E) : z ∈ S, E ∈ G(u,m) and dimE ∩ TzS = u} ⊂ Gu(R
m).
One can see Su as a fiber bundle over Swith fibers
(Su)z = {E ∈ G(u,m) : dimE ∩ TzS = u} = {E ∈ G(u,m) : E ≤ TzS}.
Notice that (S)z is a compact manifold of dimension dimG(u, ss+ c) = u(ss+ c− u). Then, the
dimension of Su is ss + c + u(ss + c − u) = u(m − u) + c − u2. In fact, since c = u2 we have that
this dimension coincides with duss = ss + u(m − u).
Lemma 3.3. The set Hu = Su ∩Bu is an almost-horizontal duss-dimensional C
r-disc in Bu.
Proof. First notice thatHu is a duss-dimensionalC
r-disc inBu. This follows fromDefinition 3.1,
since given any x ∈ [−2, 2]ss and any E ∈ Cu we have a unique t = t(x,E) ∈ [0, 1]c which varies
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Cr-continuously with x and E such that E ≤ TzSwith z = S(x, t). Thus
Hu : [−2, 2]ss × Cu −→ Gu(R
m), Hu(x,E) = (S(x, t),E) ∈ B × Cu = Bu
is a Cr-disc in Bu. On the other hand, the central coordinate of this disc is given by
hu(x,E) = P ◦D(x,E) = g(x, t(x,E)), (x,E) ∈ [−2, 2]ss × Cu
where
g(x, t) = P ◦ S(x, t), (x, t) ∈ [−2, 2]ss × [0, 1]c
is the central coordinate of the folding manifold S and P denotes in both cases the standard
projection on Rc. Hence, again, by the definition of folding manifold we have y ∈ B such
that d(hu(x,E), y) = d(g(x, t(x,E)), y) < δ and
‖Dhu‖∞ ≤ ‖Dg‖∞max{1, ‖Dt‖∞} = C with Cν < δ.
This proves that Hu is δ-horizontal with 0 < δ < λL/2 and concludes the proof. 
Remark 3.4. The almost-horizontal Cr-disc Hu obtained from the Cr-folding manifold in
Example 3.2 is C0-close to a horizontal disc but C1-far from it.
3.4. Robust tangencies with a folding manifold. We will prove the following key result:
Proposition 3.5. There is a C2-neighborhood U of Φ such that Wu
loc
(Γg) ∩ S has a tangency of
codimension u > 0 for all g ∈ U . That is, there are points z ∈ Γg and x ∈ Wuloc(z) ∩ S such that
dimTxW
u
loc(z) ∩ TxS = u or equivalently, TxW
u
loc(z) ≤ TxS. (4)
Proof. We recall that Γu = Γ × {Eu} is a cs-blender of codimension c > 0 for the induced
C1-diffeomorphism Φu, whose superposition region contains the set D of almost-horizontal
duss-dimensional C
1-discs in Bu = B × Cu. Hence there are a C1-neighborhood U u of Φu
where we have a robust bifurcation of codimension c > 0 between the unstable manifold of
the continuation of Γu and the discs in D . We take a C2-neighborhood U of Φ so that for
every g ∈ U its induced C1-diffeomorphism gu on Gu(R
m) belongs to U u. Hence, we have
a cs-blender Γug which is a continuation of Γ
u for gu. Moreover, Wu
loc
(Γug) is a vector bundle
over the unstable manifoldWu
loc
(Γg) of the continuation Γg of Γ for g. In particular,
if (x,E) ∈ Wuloc(Γ
u
g) then there is z ∈ Γg such that x ∈ W
u
loc(z) and E = TxW
u
loc(z) ∈ C
u. (5)
On the hand, since S is a folding manifold then, by Lemma 3.3, the manifold Su contains an
almost-horizontal duss-dimensionalC
1-discHu inBu. HenceHu ∈ D . Thus,Wu
loc
(Γug)∩H
u
, ∅.
Consequently, there is (x,E) belonging toHu ⊂ Su andWu
loc
(Γug). In particular, from (5), we get
that x ∈ S ∩Wu
loc
(Γg) and TxW
u
loc
(z) = E ≤ TxS for some z ∈ Γg. This completes the proof. 
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3.5. Proof of Theorem A. Finally we prove Theorem A by assuming that the global stable
manifold of a periodic point P in the affine cs-blender Γ contains a folding manifold with
respect to Bu = B × Cu. The stable manifold Ws(Pg) of the continuation Pg of P contains
a folding manifold with respect to Bu for all small enough C2-perturbations g of Φ. Then,
Proposition 3.5 implies that Wu
loc
(Γ) and Ws(P) has a C2-robust tangency of codimension
u > 0. Moreover, (4) concludes that the tangency must be inside a weak partially hyperbolic
set. Finally, recall that c = u2 and then m = ss + c + u > u2 + u, completing the proof.
4. Non-generic unfoldings of non-transverse intersections
Now, we will introduce the notion of a non-generic unfolding of a non-transversal inter-
section between two submanifolds L0, S0 and having codimension c > 0. Let L = (La)a and
S = (Sa)a be k-parameter families of submanifolds La and Sa of M diffeomorphic to L0 and
S0 respectively by families of diffeomorphisms C
d,r-close to the identity.
Definition 4.1. We say that L∩ S has a bifurcation of a connection of codimension c > 0 at a = 0
which unfolds Cd-non-generically if there exist x = (xa)a, y = (ya)a ∈ Cd(Ik,M) such that
xa ∈ La and ya ∈ Sa so that d(xa, ya) = O(‖a‖
d+1) at a = 0 and cx0(L0, S0) = c.
A useful formalism to define a Cd-non-generic unfolding of a bifurcation is to consider the
space of jets Jd
0
(Ik,M) whose elements are the Taylor series at a = 0,
Jd0(z) = (za, ∂
1
aza, ∂
2
aza, . . . , ∂
d
aza)| a=0 with z = (za)a ∈ C
d(Ik,M).
Then
d(xa, ya) = O(‖a‖
d+1) at a = 0 if and only if Jd0(x) = J
d
0(y).
The set Jd
0
(Ik,M) can be endowed with a smooth manifold structure sometimes called the
manifold of (d, k)-velocities over M.
Next, we will be interested in unfoldings which control not only the separation of points
on the manifold, but also the separation of the tangent spaces. Let Gc(M) be the c-th
Grassmannian bundle of M. That is, the fiber bundle over M whose fibers are the c-th
Grassmannian manifold of the tangent space TpM, i.e.,
Gc(M) =
⊔
p∈M
Gc(M)p =
⋃
p∈M
{p} × G(c,TpM)
where G(c,TpM) is the set of all c-dimensional linear subspaces of TpM.
Definition 4.2. We say that L ∩ S has a bifurcation of a tangency of codimension c > 0 at a = 0
which unfolds Cd-non-generically if there exist x = (xa)a, y = (ya)a ∈ Cd(Ik,Gc(M)) such that
xa ∈ Gc(La) and ya ∈ Gc(Sa) so that d(xa, ya) = O(‖a‖
d+1) at a = 0.
Using the formalism of jets, the unfolding is Cd-non-generic if and only if Jd
0
(x) = Jd
0
(y).
Remark 4.3. In the terminology of [Ber16], Cd-non-generic unfoldings of a tangency of
codimension c = 1 are called Cd-paratangencies.
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5. Parablenders
The concept of parablenderwas initially introduced by Berger [Ber16] for endomorphisms
(also [BCP16, Ber17b]). The following generalizes both, the blender (Definition 2.1) and the
definition of parablender for diffeomorphisms given in [Ber17c, Example 1.21].
Definition 5.1. Let Γ0 be a cs-blender of codimension c > 0 of a Cr-diffeomorphism f0 of M.
Consider a k-parameter Cd-family f = ( fa)a of C
r-diffeomorphisms of M unfolding f0 at a = 0. A
family Γ = (Γa)a of compact sets Γa ofM is said to be cs-parablender of codimension c for f if
i) Γa is the continuation for fa of the cs-blender Γ0 for all a ∈ I
k,
ii) there exists an open set D ss of k-parameter Cd-families D = (Da)a of
Cr-embeddings ss-dimensional discs Da intoM, where ss = ind
s(Γ0) − c,
iii) there exists a Cd,r-neighborhood U of Φ,
such that for every g = (ga)a ∈ U andD = (Da)a ∈ D
ss it holds that
Wuloc(Γg) ∩D has a bifurcation of a connection of codimension c > 0 at a = 0
which unfolds Cd-non-generically. That is, there are x = (xa)a, y = (ya)a, z = (za)a ∈ Cd(Ik,M) with
za ∈ Γa,g, xa ∈ W
u
loc(za) and ya ∈ Da such that d(xa, ya) = O(‖a‖
d+1) at a = 0
where Γa,g is the continuation for ga of the cs-blender Γa for all a ∈ I
k.
A cu-parablender of codimension c > 0 is cs-parablender of codimension c for f−1 = ( f−1a )a.
Remark 5.2. For k = 0 and r = 1, i.e., when there are no parameters and the class is C1, the
above definition of a parablender coincides with the definition of a blender.
Remark 5.3. For simplicity, to introduce parablenders, we have chosen the parameter a = 0.
However, we can also define a parablender at any other parameter a = a0 with a0 ∈ I
k.
Moreover, we will say that a k - parameter family f = ( fa)a has a parablender Γ = (Γa)a
at any parameter when Γ is a parablender for f at a = a0 for all a0 ∈ I
k with D ss and U
independent of the value a0.
Parablenders are a mechanism to provide Cd,r-open sets of families of diffeomorphisms
which are Cd-non-generic unfoldings of connections with codimension c > 0. The following
theorem proves the existence of such open sets.
Theorem 5.4. Any manifold M of dimension m > c + 1 admits a k - parameter Cd-family of
Cr-diffeomorphisms with 0 < d < r having a parablender of codimension c > 0 at any parameter.
We split the proof of this theorem into several parts. First of all, notice that wewill provide
the existence of parablenders by constructing these objets in local coordinates. Thus, again
we will work in Rm = Rn ×Rc with n ≥ 2 and c ≥ 1. We also ask that n = ss + u.
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5.1. Jet space. Let f = ( fa)a be a k-parameter C
d-family of Cr-diffeomorphisms of Rm with
0 < d ≤ r. To analyze the the unfolding of fa for a ∈ Ik, we will consider on Jd0(I
k,Rm) the
map fˆ induced by the family f = ( fa)a and given by
fˆ (Jd0(z)) = J
d
0( f ◦ z) = ( fa(za), ∂
1
a fa(za), . . . , ∂
d
a fa(za))| a=0 with z = (za)a ∈ C
d(Ik,Rm).
Here Jd
0
(Ik,Rm) denotes the d-th order jet space at a = 0, i.e., the set of equivalence classes Jd
0
(z)
where z = (za)a ∈ C
d(Ik,Rm). The equivalent relation is defined by declaring that Jd
0
(u) = Jd
0
(v)
if the functions u and v have all of their partial derivatives equal at a = 0 up to d-th order.
A useful choice of a representative for Jd
0
(z) is the d-th order Taylor approximation of z at
a = 0. This polynomial is completely determined by the derivatives of z at a = 0, a finite list
of numbers. Therefore, it make sense to identify Jd
0
(Ik,Rm) with Rm × Jd(k,m) where
Jd(k,m) =
d∏
i=1
L
i
sym(R
k,Rm)
and L isym(R
k,Rm) denotes the space of symmetric i-linear maps from Rk to Rm. Hence,
clearly Jd
0
(Ik,Rm) is a Euclidian vector space of dimension
dim Jd0(I
k,Rm) = m ·
(
d + k
d
)
=
m · (d + k)!
d! · k!
.
Remark 5.5. Notice that the map fˆ is of class Cr−d.
Notation. In order to simplify notation write
J(Rm)
def
= Jd0(I
k,Rm) and J(z)
def
= Jd0(z) = (za, ∂
1
aza, . . . , ∂
d
aza)| a=0 .
Sometimes, by considering za = (xa, ya) ∈ Rn×Rc, wewill split themanifold of (d, k)-velocities
overRm (i.e., the space of d-jets from Ik toRm at a = 0) in the form of J(Rm) = J(Rn)× J(Rc) and
J(z) = (J(x), J(y)) where x = (xa)a ∈ C
d(Ik,Rn) and y = (ya)a ∈ C
d(Ik,Rc).
Moreover, denote by J(Λ) the subset of J(R∗) of d-jets J(z) at a = 0 of families of points
z = (za)a ∈ C
d(Ik,R∗) such that z0 ∈ Λ, where Λ ⊂ R∗ and ∗ ∈ {m, n, c}. Also, denote by
P∗ : J(R
m) → R∗ the standard projection onto R∗ with ∗ ∈ {ss, u, n, c,m}.
5.2. A family of affine blenders. Wewill take aCr-diffeomorphismΦ0 ofR
m locally defined
as the skew-product given in §2.2. In particular, we have an affine cs-blender Γ0 forΦ0 in the
cube C = [−2, 2]m whose superposition region contains the set of almost horizonal C1-discs
in B = R × B. Here B is an open neighborhood of 0 in D = (−2, 2)c satisfying the covering
property (2) andR = R1∪· · ·∪Rκ. Now,wewill take a particular familyΦ = (Φa)a, unfolding
Φ0 at a = 0. Namely, we consider C
r-diffeomorphisms Φa locally defined in a similar way by
means of skew-products of the form
Φa = F ⋉ (φ1,a, . . . , φκ,a) on U = (R1 ×D) ∪ · · · ∪ (Rκ ×D)
where φℓ,a are k-parameter Cd-families of affine (λ, β)-contractions on D for ν < λ < β < 1.
That is, φℓ = (φℓ,a)a is a k-parameter Cd-family of Cr-diffeomorphisms φℓ,a of Rc such that
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φℓ,a(D) ⊂ D and there are linear maps Tℓ,a : Rc → Rc so that
Dφℓ,a(y) = Tℓ,a for all y ∈ D and λ < m(Tℓ,a) ≤ ‖Tℓ,a‖ < β for ℓ = 1, . . . , κ and a ∈ I
k.
Moreover, we ask that a bounded open neighborhood Bˆ of the d-jet 0 in J(Rc) such that
Bˆ ⊂ φˆ1(Bˆ) ∪ · · · ∪ φˆκ(Bˆ) (6)
where φˆℓ is the induced map on J(D) by the family φℓ = (φℓ,a)a, i.e.,
φˆℓ(J(y)) = J(φℓ ◦ y) = (φℓ,a(ya), ∂
i
aφℓ,a(ya))| a=0
with y = (ya)a ∈ C
d(Ik,Rc) such that y0 ∈ D. Without restriction of generality we can assume
that B × {0} ⊂ Bˆwhere B is the open set given in (2).
On the other hand, let Γa be the affine cs-blender continuation of Γ0 for Φa. To conclude
the proof we need to prove that Γ = (Γa)a is a cs-parablender of Φ = (Φa)a at a = 0.
Remark 5.6. The family Φ = (Φa)a can be seen as an unfolding of Φa0 for any a0 ∈ I
k. Since
φℓ,a varies Cd-continuously with a ∈ Ik, a similar covering property as in (6) holds for the
maps φˆℓ = Jda0[φℓ]. These are induced by the families of fiber maps φℓ = (φℓ,a)a on the d-jet
space Jda0(I
k,Rc) at a = a0 for all sufficiently small parameter a0. That is,
φˆℓ(J(y)) = (φℓ,a(ya), ∂
i
aφℓ,a(ya))| a=a0 with y = (ya)a ∈ C
d(Ik,Rc) such that ya0 ∈ D.
In what follows, we will show that Γ is a cs-parablender of Φ at a = 0. However, the choice
of a = 0 is only for convenience to fix an unfolding parameter (and thus a jet space). The
same argument works to prove that Γ is a cs-parablender of Φ at a = a0 for any a0 close
enough to 0. In fact, by continuity with respect to the parameter, we can take an uniform
open set D ss of families of discs and an uniform neighborhood U of the family Φ for all a0
close to 0. Therefore Γ = (Γa)a will be, up to scaling the parametrization, a cs-parablender of
the k-parametric family Φ = (Φa)a at any value of the parameter a ∈ I
k.
Example 5.7. Let φ(t) = λt for t ∈ [−2, 2] with 1/2 < λ < 1. Set
Υ = {ι = (ι1, . . . , ιk) ∈ {0, 1, . . . , d}
k with |ι| = ι1 + · · · + ιk ≤ d} and ∆ = (1 − λ) · {−1,+1}
Υ.
Each δ ∈ ∆ is seen as a function which maps ι ∈ Υ to δ(ι) ∈ {−(1 − λ),+(1 − λ)}. Take
φδ,a(t) = φ(t) + Pδ(a) for δ ∈ ∆, a ∈ I
k and t ∈ [−2, 2]
where
Pδ(a) =
∑
ι∈Υ
δ(ι) aι with aι = aι1
1
· · · a
ιk
k
and ι = (ι1, . . . , ιk).
Finally, consider
φℓ,a = φℓ1,a × · · · × φℓc,a on D for any ℓ = (ℓ1, . . . , ℓc) ∈ ∆
c. (7)
Here, κ = ̺c where ̺ is the cardinal of∆. When there are no parameters, i.e., for k = d = 0, we
recover the Example 2.5. Moreover, Dφℓ,a(y) is the diagonal matrix λIwhere I is the identity
matrix and thus it does not depend on a for all y ∈ D. Hence, we can rewrite (7) as
φℓ,a(y) = T(y) + Pℓ(a) for y ∈ D, a ∈ I
k and ℓ = (ℓ1, . . . , ℓc) ∈ ∆
c (8)
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where using multilinear algebra
T(y) = (λI) y and Pℓ(a) = ∂
0ℓ + ∂1ℓ · a +
1
2!
∂2ℓ · a2 + · · · +
1
d!
∂dℓ · ad
with ∂iℓ ∈ L i(Rk,Rc) determined by
∂iℓ(e1 j1 , . . . , ei ji ) = ℓ(e1 j1 + · · · + ei ji ) = ℓ(ι) for ι = e1 j1 + · · · + ei ji ∈ Υ with |ι| = i.
Here {ehj : j = 1, . . . , k} is the canonical basis of R
k for all h = 1, . . . , i. In particular, if
vh =
k∑
j=1
vhj ehj for h = 1, . . . , i
then
∂iℓ(v1, . . . , vi) =
k∑
j1 ,..., ji=1
ℓ(e1 j1 + · · · + ei ji ) v1 j1 . . . vi ji .
Thus,
∂iℓ · ai
def
= ∂iℓ(a, . . . , a) =
∑
|ι|=i
ℓ(ι) aι.
Now, we can easily compute the induced map φˆℓ on J(Rc). To do this, from (8) we get that
∂iaφℓ,a(ya)| a=0 = ∂
i
aT(ya)| a=0 + ∂
i
aPℓ(a)| a=0 .
On one hand, since T ∈ L (Rk,Rc) then DT ∈ L 2(Rk,Rc) and DT(y)v = T(v) for all y, v ∈ Rk.
By means of the chain rule, ∂aT(ya) = DT(ya) ∂aya = T(∂aya) and hence by induction we
obtain that
∂iaT(ya)| a=0 = T(∂
i
aya)| a=0 = (λI) ∂
iy for y = (ya)a ∈ C
d(Ik,Rc) with (∂iaya)| a=0 = ∂
iy.
On the other hand,
∂iaPℓ(a)| a=0 = ∂
iℓ.
Therefore, by denoting y0 = ∂0y and hence J(y) = (ya, ∂iya)| a=0
def
= (∂0y, ∂iy), we have that
φℓ,0(∂
0y) = (λI) ∂0y + ∂0ℓ and φˆℓ(∂
0y, ∂iy) = (λI) · (∂0y, ∂iy) + (∂0ℓ, ∂iℓ).
Consequently, φˆℓ is the composition of a contracting hyperbolic linear map on J(Rc) with a
translation by the jet (∂0ℓ, ∂iℓ). Since ℓ runs over ∆c, we find that the open neighborhood
Bˆ = (−1, 1)dˆc of 0 in J(Rc) satisfies (6), where dˆc = dim J(Rc).
5.3. Parablenders in the Cd,r-topology for 0 < d < r. According to Remark 5.5, in order to
construct blenders for the induced map Φˆ by the Cd,r-family Φ = (Φa)a we need to restrict
ours analysis to 0 < d < r to obtain that Φˆ is at least C1.
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5.3.1. Blender induced in the jet space. Since for each i = 1, . . . , d, F is an affine map which does
not depend on a, the partial derivative is
∂iaΦa(za)| a=0 = (DF(xa) ∂
i
axa, ∂
i
aφℓ,a(ya))| a=0 where z0 = (x0, y0) ∈ Rℓ ×D for ℓ = 1, . . . , κ.
Hence, the map Φˆ on J(Rm) induced by the family Φ = (Φa)a restricted to J(U) = J(R) × J(D)
is given by the skew-product
Φˆ = Fˆ ⋉ (φˆ1, . . . , φˆκ) on J(U) = J(R1) × J(D) ∪ · · · ∪ J(Rκ) × J(D),
where Fˆ acts on J(R) given by
Fˆ(J(x)) = (F(xa), DF(xa) ∂
i
axa)| a=0 with x = (xa)a ∈ C
d(Ic,Rn) such that x0 ∈ R
and φˆℓ is the inducedmap on J(D) by the family φℓ = (φℓ,a)a for ℓ = 1, . . . , κ. Moreover, Fˆ has a
horseshoe Λˆ = Λ×{0}with, except formultiplicity, the same eigenvalues of F and stable index
dˆss
def
= inds(Λˆ) = dim J(Rss) = ss ·
(
d + k
d
)
.
Similarly, φˆℓ on J(D) has also, except multiplicity, the same eigenvalues of φℓ,0 on D for all
ℓ = 1, . . . , κ. Thus, Fˆ|
Λˆ
dominates the fiber dynamics φˆ1, . . . , φˆκ and also by assumption the
covering property (6) holds. Hence, according to Theorem 2.2, we have a cs-blender Γˆ of
codimension dˆc > 0 for Φˆ, where
dˆc
def
= dim J(Rc) = c ·
(
d + k
d
)
and whose superposition region contains the set of almost horizonal discs in Bˆ = Rˆ × Bˆ.
Here Rˆ is a bounded open neighborhood on J(R) of Λˆ = Λ × {0}. Moreover, by construction,
Pm(Γˆ) = Γ0 where Pm : J(R
m) → Rm is the standard projection.
5.3.2. An open set of families of discs for the family of affine blenders. Recall that Rˆ was taken as a
bounded neighborhood on J(R) of Λˆ = Λ × {0}. Since J(Rn) = J(Rss) × J(Ru), there is no loss
of generality in assuming that
Rˆ = Rˆss × Rˆu with Rˆss ⊂ J(R
ss) and Rˆu ⊂ J(R
u). (9)
In fact, we can assume that Rˆss = (−2, 2)ss × BR(0), where BR(0) denotes an open ball in
Jd(k, ss) of some arbitrarily small radius R > 0 centering at 0. Notice that the closure of
Rˆss is diffeomorphic to [0, 1]dˆss . Hence, without loss of generality, this set can be used to
parameterize the almost-horizontal dˆss-dimensional disc in Bˆ = Rˆ × Bˆ.
Now fix an almost-horizontal ss-dimensional Cr-disc H0 in B = R × B. Consider the
k-parametric constant family associated withH0 given by
H = (Ha)a where Ha = H0 for all a ∈ I
k.
Lemma 5.8. For any small enough ν > 0, Hˆ is an almost-horizontal dˆss-dimensional C1-disc in
Bˆ = Rˆ × Bˆ, where
Hˆ(J(ξ)) = J(H ◦ ξ) = (Ha(ξa), ∂
i
aHa(ξa))| a=0 for ξ = (ξa)a ∈ C
d(Ik,Rss) with J(ξ) ∈ Rˆss.
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Proof. According to Definition 2.3, we need to show that hˆ = P ◦ Hˆ is δ-close in the C0-
topology to a constant function on Bˆ. Moreover, that is C1-dominated by a constant C > 0 so
that Cν < δ, where P the standard projection on the central coordinate, i.e., onto J(Rc).
Since hˆ is a map of class Cr−d with r > d, then ‖Dhˆ‖∞ ≤ C < ∞ over the closure of Rˆss. Thus
taking ν > 0 small enough, we can guarantee that Cν < δ. So, we only need to prove that
there is a point yˆ ∈ Bˆ such that
d(hˆ(J(ξ), yˆ) < δ for all J(ξ) ∈ Rˆss.
Since H = (Ha)a is a constant family of discs, then hˆ = hˆ0 where h0 = P ◦H0 and
hˆ0(J(ξ)) = J(h0 ◦ ξ) = (h0(ξa), ∂
i
ah0(ξa))| a=0 for ξ = (ξa)a ∈ C
d(Ik,Rss) with J(ξ) ∈ Rˆss.
Moreover, as H0 is a δ-horizontal disc in B, there is y ∈ B such that d(h0(x), y) < δ for all
x ∈ [−2, 2]ss. Set yˆ = (y, 0) ∈ Bˆ. For any x ∈ [−2, 2]ss, we consider ξ = (ξa)a given by ξa = x for
all a ∈ Ik. Then J(ξ) = (x, ∂iξ) with ∂iξ = 0 and
∂iah0(ξ)| a=0 =
i−1∑
j=0
(
i − 1
j
)
∂
j
a(Dh0(ξ))| a=0 · ∂
i− jξ = 0.
Hence hˆ0(J(ξ)) = (h0(x), 0) and therefore d(hˆ(J(ξ)), yˆ) < δ for all J(ξ) ∈ [−2, 2]ss × {0}. By
continuity, and since R > 0 can be taken arbitrarily small, it follows that d(hˆ(J(ξ)), yˆ) < δ for
all J(ξ) in the closure of Rˆss = (−2, 2)ss × BR(0). This completes the proof of the lemma. 
Remark 5.9. If H0 is a horizontal ss-dimensional C
r-disc in B = R × B then Hˆ is also
a horizontal dˆss-dimensional C
1-disc in Bˆ. Thus, in this case, we do not need a strong
contraction for the dynamics on the base. It is only required the domination assumption
ν < λ.
Since being an almost-horizontal C1-disc is an open property, any small enough Cd,r-
perturbation D = (Da)a of H = (Ha)a still provides an almost-horizontal dˆss-dimensional
C1-disc Dˆ in Bˆ close to Hˆ given by
Dˆ(J(ξ)) = J(D ◦ ξ) = (Da(ξa), ∂
i
aDa(ξa))| a=0 for ξ = (ξa)a ∈ C
d(Ik,Rss) with J(ξ) ∈ Rˆss.
In fact, taking ξa ∈ [−2, 2]ss and za = Da(ξa) for all a ∈ Ik, it is not difficult to see that the
image of this embedding is given by
Dˆ = { J(z) ∈ J(Rm) : z = (za) ∈ C
d(Ik,Rm) with za ∈ Da for all a ∈ I
k} ∩ Bˆ.
In this way, we take D ss = D ss(H), a small enough Cd,r-neighborhood ofH.
Remark 5.10. The superposition region D ss of an affine cs-parablender contains the open set
of almost-constant k-parameter Cd-families of almost-horizontal ss-dimensional Cr-discs in B.
ROBUST NON-GENERIC UNFOLDINGS 21
5.3.3. Parablenders from blenders in the jet space. We will get that Γ = (Γa)a is a cs-parablender
of Φ = (Φa)a as a consequence of the following general result.
Proposition 5.11. Let Γ0 be a cs-blender of codimension c of a C
r-diffeomorphism f0 of a manifoldM.
Consider a k-parameter Cd-family f = ( fa)a unfolding f0 at a = 0, such that the induced map fˆ on
the manifold of (d, k)-velocities J(M) = Jd
0
(Ik,M) over M given by
fˆ (J(z)) = J( f ◦ z) = ( fa(za), ∂
i
a fa(za))| a=0 with z = (za)a ∈ C
d(Ik,M)
has a cs-blender Γˆ satisfying the following assumptions:
i) Γˆ projects onM onto Γ0;
ii) there is a k-parameter Cd-family H = (Ha)a of ss-dimensional C
r-embedded discs Ha intoM
with ss = inds(Γ0) − c so that Hˆ0 ∈ Dˆ
ss, where Hˆ0 is contained in
Hˆ = { J(z) ∈ J(M) : z = (za) ∈ C
d(Ik,M) with za ∈ Ha for all a ∈ I
k}
and Dˆ ss is the superposition region of the blender Γˆ.
Then Γ = (Γa)a is a cs-parablender of codimension c for f , where Γa is the continuation of Γ0 for fa.
Proof. First of all, we will provide the open set of embedded discs. To do this, similarly as in
§5.3.2, we take a small Cd,r-neighborhood D ss = D(H) of the family H, so that any family D
in D ss still gives a disc Dˆ0 ∈ Dˆ
ss contained in Dˆ.
Next, we will construct the open set of families of diffeomorphisms. Consider the neigh-
borhood Uˆ of the induced map fˆ coming from the definition of the blender. Take the
Cd,r-neighborhood U of the family f = ( fa)a, so that for every g = (ga)a ∈ U its induced map
gˆ on J(M) belongs to Uˆ .
Now, we will prove the existence of a non-generic bifurcation between any family of
ss-dimensional discs D = (Da)a ∈ D
ss and the unstable manifold of Γg = (Γa,g)a for any
g = (ga)a ∈ U , where Γa,g is the continuation of Γa for ga. Since Dˆ contains a disc Dˆ0 in the
superposition region Dˆ ss of the cs-blender Γˆ of fˆ , then
Wuloc(Γˆg) ∩ Dˆ0 , ∅
where Γˆg is the continuation of Γˆ for the induced map gˆ. It is clear that Pm(Γˆg) = Γ0,g and
that Γˆg is a hyperbolic set of gˆ. If J(z) ∈ Γˆg, where z = (za)a ∈ C
d(Ik,M), then z0 ∈ Γ0,g and the
point za must be the continuation in Γa,g of z0 for ga. Similarly, Pm(W
u
loc
(J(z))) =Wu
loc
(z0) and
if xˆ ∈ Wu
loc
(J(z)) then
x = (xa)a ∈ C
d(Ik,M) so that xa ∈ W
u
loc(za) for all a ∈ I
k and J(x) = xˆ.
In summary, we can find a point qˆ ∈ Wu
loc
(Γˆg) ∩ Dˆ0. Since qˆ belongs to the local unstable
manifold of Γˆg there are functions x = (xa)a, z = (za)a ∈ Cd(Ik,M) such that
xa ∈ W
u
loc(za) with za ∈ Γa,g for all a ∈ I
k and qˆ = J(x).
On the other hand, since qˆ ∈ Dˆ,
there is y = (ya)a ∈ C
d(Ik,M) such that ya ∈ Da for all a ∈ I
k and qˆ = J(y).
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Thus J(x) = J(y). This concludes that the connection betweenW = (Wu
loc
(za))a and D = (Da)a
at a = 0 unfolds Cd-non-generically. Therefore Γ = (Γa)a is a cs-parablender of codimension
c > 0 for f = ( fa)a and we complete the proof of the proposition. 
5.3.4. Proof of Theorem 5.4 in the Cd,r-topology with 0 < d < r. Take the family of cs-blenders
Γ = (Γa)a of codimension c > 0 of the particular family of locally definedaffine skew-products
Φ = (Φa)a constructed in §5.2. From §5.3.1, we get a cs-blender Γˆ for the induced map Φˆ on
J(Rm) which projects in Rm onto Γ0. In §5.3.2 was obtained that any k-parameter constant
family of horizontal discs induced a dˆss-dimensional C
1-disc into the superposition domain
Bˆ of Γˆ. Thus, this disc belongs to the superposition region of the induced blender. Hence,
according to Proposition 5.11, Γ is a cs-parablender of codimension c > 0 at a = 0. Finally,
by Remark 5.6 and reparameterizing if necessary, Φ = (Φa)a is k-parametric C
d-family of Cr-
diffeomorphisms having a cs-parablender Γ = (Γa)a of codimension c > 0 at any parameter.
This completes the proof.
6. Robust non-generic unfolding of heterodimensional cycles
Now we will prove Theorem C. We will consider a Cd-family f = ( fa)a of C
r-diffeomor-
phisms of a manifold M parameterized by a ∈ Ik with a cs-parablender Γ = (Γa)a of codi-
mension c > 0 at any parameter. For simplicity, we will assume that Γ is the family of affine
blenders constructed to prove Theorem 5.4. We will assume that f0 has a heterodimensional
cycle of co-index c > 0 associated with Γ0 and another hyperbolic periodic point P0. We sup-
pose thatWs(P0) contains a ss-dimensional horizontal discH0 in the superpositiondomainB
of the cs-blender Γ0 of f0. Moreover, as the construction is local, we ask thatW
s(Pa) contains
the same disc H0 for all a ∈ I
k where Pa denotes the continuation of P0 for fa. Hence the
constant family of discsH = (Ha) whereHa = H0 for all a ∈ I
k belongs to the open set D ss of
families of embedded discs associated with the cs-parablender Γ. Hence, for every Cd,r-close
enough family g = (ga)a of f = ( fa)a the family of stable manifoldsW
s(Pg) = (W
s(Pa,g))a of the
continuation Pa,g of Pa contains a family of discsD = (Da)a ∈ D
ss. Thus,Wu
loc
(Γg)∩W
s(Pg) has
a bifurcation of codimension c > 0 at a = 0 which unfolds Cd-non-generically. In fact, since
Γ is a cs-parablender at any parameter, the same argument also works for any parameter
a = a0. This concludes the proof of the theorem.
7. Robust non-generic unfoldings of homoclinic tangencies
In this section we prove Theorem B. We begin by mentioning a few words about the
strategy of the proof.
Recall that to prove TheoremC we first show that any manifoldM of dimension at least 3
admits a family f = ( fa)a of diffeomorphisms fa ofM having a parablender at any parameter
(see Theorem 5.4). Now, to prove Theorem B, we will proceed similarly by showing first the
following result:
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Theorem 7.1. Any manifold M of dimension m > c + u admits a k-parameter Cd-family f = ( fa)a
of Cr-diffeomorphisms with 0 < d < r − 1 such that the k-parameter induced Cd-family f u = ( f ua )a
of Cr−1-diffeomorphisms on the u-th Grassmannian bundle ofM,
f ua : Gu(M) −→ Gu(M), f
u
a (x,E) = ( fa(x),Dfa(x)E)
has a parablender Γu = (Γua )a of codimension c > 0 at any parameter.
As in the proof of Theorem 5.4, we will obtain a parablender for the k-parameter family
f u = ( f ua )a for the induced dynamics by constructing a blender with respect to the induced
dynamics f̂ u on themanifold of (c, k)-velocities overGu(M), i.e., on the jet space Jd0(I
k,Gu(M)).
Remark 7.2. Notice that the map f̂ u is of class Cr−1−d.
In what follows, we fix 0 < d < r − 1. As in the previous section, we will provide the
proof of Theorem 7.1 using the local coordinates in M. Thus, as usual, we will work in
Rm = Rss ×Ru ×Rc with u, c ≥ 1 and n = ss + u.
We also recall some notation from §3.2:
R = R1 ∪ · · · ∪ Rκ and R
u
= R × Cu = Ru1 ∪ · · · ∪ R
u
κ with R
u
i = Ri × C
u
U = R ×D = (R1 ×D) ∪ · · · ∪ (Rκ ×D) and U
u
= U × Cu.
Sometimes, when no confusion arises, we write Uu by a change of coordinates as
Uu = Ru ×D = (Ru1 ×D) ∪ · · · ∪ (R
u
κ ×D).
7.1. Aparablender on themanifold of velocities over theGrassmanian manifold. Wewill
start considering the k-parameter Cd-family of locally defined affine Cr skew-product maps
Φa = F ⋉ (φ1,a, . . . , φκ,a) on U = (R1 ×D) ∪ · · · ∪ (Rκ ×D)
introduced in §5.2. For simplicity, we assume that there are 0 < ν < λ < β < 1 and diagonal
linear maps S : Rss → Rss, U : Ru → Ru and T : Rc → Rc such that
DF(x) =
(
S 0
0 U
)
for all x ∈ R where ‖S‖, ‖U−1‖ < ν
and
Dφi,a(y) = T for all y ∈ R
c, a ∈ Ik and i = 1, . . . , κ where λ < m(T) ≤ ‖T‖ < β.
Under theses assumptions, we get that DΦa(x, y) is the same linear map DΦ for all (x, y) ∈
R×Dwhich has Eua = E
u with Eu = {0ss}×Ru ×{0c} as a fixed point and Cu as a neighborhood
of attraction for all a ∈ Ik. Thus, following §3.2, the induced Cr-diffeomorphism Φua of Φa on
the Grassmannian manifold Gu(R
m) is given by
Φ
u
a = F
u
⋉ (φ1,a, . . . , φκ,a) on U
u
= (Ru1 ×D) ∪ · · · ∪ (R
u
κ ×D)
where Fu = F × DΦ on Ru = R × Cu. Moreover, for each a ∈ Ik we have a cs-blender
Γua = Γa × {E
u} of codimension c > 0 where Γa is the cs-blender of Φa. Now, we will show that
the family of blenders Γu = (Γua )a is a cs-parablender of codimension c at a = 0 forΦ
u = (Φua )a.
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To prove this, we need to work with the induced C1-map on J(Gu(R
m))
def
= Jd
0
(Ik,Gu(Rm))
by the family Φu = (Φua )a given by
Φˆ
u : J(Gu(R
m)) → J(Gu(R
m)), Φˆu(J(z)) = J(Φu ◦ z) = (Φua (za), ∂
i
aΦ
u
a (za))| a=0
where z = (za)a ∈ C
d(Ik,Gu(Rm)). According to Proposition 5.11 to prove that Γu = (Γua )a
is a cs-parablendender for Φu = (Φua )a at a = 0 we need to show the following. First, we
must prove that Φˆu has a cs-blender Γˆu which projects onto Γu
0
and after provide a particular
Cd-family Hu = (Hua )a of C
r-discs which induce a disc Hˆu in the open set of C1-discs.
7.1.1. Blender. Using local coordinates (c.f. [Mic80, DK00]) in themanifold of (d, k)-velocities
over Gu(R
m) = Rm × G(u,m) we can identify J(Uu) = J(Ru) × J(D). Thus, it is not difficult to
see that Φˆu restricted to J(Uu) can be written as a skew-product map
Φˆ
u
= Fˆu ⋉ (φˆ1, . . . , φˆκ) on J(U
u) = J(Ru1) × J(D) ∪ · · · ∪ J(R
u
κ) × J(D)
where Fˆu is the inducedmap on J(Ru) by themap Fu and φˆℓ are the inducedmaps on J(D) by
the family φℓ = (φℓ,a)a for ℓ = 1, . . . , κ. Then, according to (6) and Theorem 2.2 we only need
to prove that the base dynamics of Φˆu has a horseshoe which dominates the fiber dynamics.
To do this, first we identify J(Ru) = J(R) × J(Cu). In this way, we write the base dynamics of
Φˆu as a direct product map
Fˆu = Fˆ × D̂Φ on J(R) × J(Cu)
where Fˆ acts on J(R) by means of
Fˆ(J(x)) = (F(xa), ∂
i
aF(xa))| a=0 with x = (xa)a ∈ C
d(Ik,Rn) such that x0 ∈ R
and D̂Φ acts on J(Cu) defined as
D̂Φ(J(E)) = (DΦ · Ea, ∂
i
a(DΦ · Ea))| a=0 with E = (Ea)a ∈ C
d(Ik,G(u,m)) and E0 ∈ C
u.
As in §5.3.1, using that F is an affine map and is independent of a, we have that
Fˆ(J(x)) = (F(xa),DF(xa) ∂
i
axa)| a=0 with x = (xa)a ∈ C
d(Ik,Rn) such that x0 ∈ R.
From here we get that Fˆ has a horseshoe Λˆ = Λ × {0} as an invariant set. Moreover, the
eigenvalues of the linear part of Fˆ are the same as of DF at R and thus, as in §5.3.1, they
dominate the fiber dynamics.
On the other hand, it is not difficult to see that D̂Φ has the fixed point J(Eu) where
Eu = (Eua )a ∈ C
d(Ik,G(u,m)) is given by Eua = {0
ss} ×Ru × {0c} for all a ∈ Ik. Hence
Λˆ
u
= Λˆ × {J(Eu)} ⊂ J(R) × J(Cu)
is a horseshoe for Fˆu. Now we need to prove that Fˆu restricted to Λˆu dominates φˆ1, . . . , φˆκ.
Since, Fˆ dominates the fiber dynamics, it suffices to show that D̂Φ at J(Eu) also dominates
φˆ1, . . . , φˆκ. In local coordinates around Eu we can write
DΦ · E ≡ P e +O(e2), E ∈ Cu, e ∈ Rdu and E ≡ e with Eu ≡ 0 (10)
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being P a diagonal (du × du)-matrix whose eigenvalues are dominated by βν < 1 and du =
dimG(u,m) = u(m − u). Similarly, we can identify J(E) ≡ (e, ∂ie) ∈ Rdu × Jd(c, du) and take as
a representative of J(E) the function E = (Ea)a given by
Ea ≡ e + ∂e · a +
1
2!
∂2e · a2 + · · · +
1
d!
∂de · ad. (11)
Substituting (11) into (10), in local coordinates we have that
∂ia(DΦ · Ea)| a=0 ≡ P ∂
ie +O(2) (12)
where O(2) is a function that envolves the products of ∂se · ∂te with s + t = 2. In local
coordinates J(Eu) ≡ (e, ∂ie) = (0, 0) is a fixed point of D̂Φ. Moreover, from (12) the linear part
at this point is given by a triangular matrix whose diagonal elements are the eigenvalues
of P. Since these eigenvalues are dominated by βν < ν < λ, then D̂Φ dominates the fiber
dynamics. This concludes the proof of the existence of a blender Γˆu of Φˆu projecting on
Γu
0
= Γ0 × {E
u}.
7.1.2. Discs on the manifold of velocities induced by folding manifolds. Let Bˆu = Rˆu × Bˆ be the
superposition domain of the blender Γˆu where Rˆu is a neighborhood on J(Ru) = J(R) × J(Cu)
of Λˆu. Similar as in §5.3.2, since R ⊂ Rn = Rss ×Ru and Cu ⊂ G(u,m) we can take
Rˆ
u
= Rˆss × Rˆu × RˆG with Rˆss ⊂ J(R
ss), Rˆu ⊂ J(R
u) and RˆG ⊂ J(G(u,m)).
In fact, we have that RˆG can be taken as an arbitrarily small neighborhood in J(G(u,m)) of
J(Eu) ≡ (e, ∂ie) = (0, 0) and Rˆss = (−2, 2)ss × BR(0). Here BR(0) denotes an open ball in Jd(k, ss)
of some arbitrarily small radius R > 0 centered at 0.
Now, fix a folding Cr-manifold S0 with respect to B
u = B × Cu, where B = R × B is the
superposition domain of the blender Γ0 of Φ0. Consider the k-parametric constant family of
folding Cr-manifolds associated with S0 given by
S = (Sa)a where Sa = S0 for all a ∈ I
k.
According to Lemma 3.3, the set
Hu0 = S
u
0 ∩B
u with Su0 = {(z,E) : z ∈ S0, E ∈ G(u,m) and dimE ∩ TzS0 = u}
is an almost-horizonal duss-dimensional C
r-disc in Bu where duss = ss + u(m − u). Hence, the
constant family of folding Cr-manifolds S = (Sa)a induces a constant family H
u = (Hua )a
of Cr-discs in Bu given by Hua = H
u
0
for all a ∈ Ik. By means of a similar argument as in
Lemma 5.8 we obtain the following:
Lemma 7.3. For any small enough ν > 0 we have that
Hˆu is an almost-horizontal dˆuss - dimensional C
1-disc in Bˆu = Rˆu × Bˆ
where dˆuss = ind
s(Λˆu) = dim J(Rss) + dim J(G(u,m)) and
Hˆu(J(ξ)) = J(Hua ◦ ξ) = (H
u
a (ξa), ∂
i
aH
u
a (ξa))| a=0 for ξ = (ξa)a ∈ C
d(Rk,Rss × G(u,m))
with J(ξ) belongs to the closure of Rˆss × RˆG.
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Proof. Let hˆu = P ◦ Hˆu be the central coordinate of the disc. Here P denotes the standard
projection onto J(Rc). In order to prove that Hˆu is an almost-horizontal disc, notice that
‖Dhˆu‖∞ ≤ C < ∞ over the closure of Rˆss × RˆG.
Hence, by taking ν > 0 small enough we can always guarantee that Cν < ∞. Thus, we only
need to show that there is a point yˆ ∈ Bˆ such that
d(̂hu(J(ξ), yˆ) < δ for all J(ξu) = (J(ξ), J(E)) ∈ Rˆss × RˆG.
Since Hu = (Hua )a is a constant family of discs then hˆ
u = hˆu
0
where hu
0
= P ◦Hu
0
and
hˆu0(J(ξ
u)) = J(hu0 ◦ ξ
u) = (hu0(ξ
u
a ), ∂
i
ah
u
0(ξ
u
a ))| a=0 for ξ
u
= (ξua )a ∈ C
d(Rk,Rss × G(u,m))
with J(ξu) belonging to the closure of Rˆss × RˆG. The same computation as in Lemma 5.8
proves that
hˆu0(J(ξ
u)) = (hu0(ξ
u
0), 0) ∈ J(R
c) for all J(ξu) = (ξu0 , ∂
iξu) ∈ ([−2, 2]ss × {Eu}) × {0}.
Hence d(hˆu(J(ξu)), yˆ) < δ for all J(ξu) = (ξu
0
, ∂iξu) ∈ ([−2, 2]ss × {Eu}) × {0}, where yˆ = (y, 0) ∈ Bˆ
and y ∈ B comes from the definition of the folding Cr-manifold. By continuity, and since
R > 0 and the neighborhood RˆG of J(Eu) = (Eu, 0) can be taken arbitrarily small it follows
that
d(hˆ(J(ξu)), yˆ) < δ for all J(ξu) = (J(ξ), J(E)) ∈ Rˆss × RˆG.
This completes the proof of the lemma. 
Remark 7.4. Let S0 be the folding C
r-manifold with respect to Bu = B × Cu introduced in
Example 3.2. Proposition A.2 in Appendix A proves that for any 0 < ν < λL/2 the constant
family S = (Sa)a of folding C
r-manifolds induces an almost-horizontal C1-disc Hˆu in Bˆu from
the constant family of Cr-discs Hu = (Hua )a given by H
u
a = H
u
0
= Su
0
∩Bu.
The previous lemma implies that Hˆu belongs to the superposition region of the blender Γˆu.
This completes the proof of the particular Cd-family Hu = (Hua )a of C
r-discs.
7.1.3. Proof of Theorem 7.1. The proof will follow from Proposition 5.11 and using a similar
construction as in the proof of Theorem A. Indeed, we take a k-parameter family of cs-
blenders Γ = (Γa)a of codimension c > 0 for a Cd-family Φ = (Φa)a of Cr-diffeomorphisms
of M locally defined as affine skew-product maps given at the beginning of §7.1. As we
showed in §7.1.1, these maps provide a family Γu = (Γua )a of cs-blenders of codimension c > 0
for the induced dynamics Φua on Gu(M) and as well as a cs-blender Γˆ
u for the map Φˆu on
J(Gu(M)). Similarly, as in the proof of Theorem A, we take a C
d-family P = (Pa)a of periodic
points Pa ∈ Γa of Φa such that the global stable manifold contains a folding C
r-manifold Sa
with respect to the superposition domain Bu of Φu. Moreover, we assume that the Cd-family
S = (Sa)a of these folding C
r-manifolds induces a C1-disc in the superposition region of Γˆu.
This was done in §7.1.2 by taking a constant family of folding manifolds. Then, according to
Proposition 5.11 we have that Γu = (Γua )a is a parablender of codimension c > 0 of Φ
u = (Φua )a
at a = 0. As in Remark 5.6, we can extend the result for any parameter a0 close to a = 0. This
completes the proof of Theorem 7.1.
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7.2. Proof of Theorem B. This result is a consequence of Theorem 7.1. Indeed, let Γ = (Γa)a
be the family of cs-blenders of the Cd-family f = ( fa)a of C
r-diffeomorphisms given in
Theorem 7.1. Consider the cs-parablender Γu = (Γua )a of codimension c > 0 for the induced
dynamics f u = ( f ua )a in Gu(M). From the proof of Theorem 7.1 we have a C
d-family P = (Pa)a
of periodic points Pa ∈ Γa and a C
d-family of folding Cr-manifolds S = (Sa)a with respect
to the superposition domain Bu of f u such that Sa ⊂ W
s(Pa) for all a ∈ I
k. Moreover, these
folding manifolds induce a family of Cr-discs in Bu contained in Su = (Sua )a where
Sua = {(z,E) : z ∈ Sa, E ∈ G(u,m) and dimE ∩ TzSa = u}.
According to the proof of Proposition 5.11, the open set of k-parameterCd-families ofCr-discs
contains a Cd,r-neighborhood D(Su) of Su = (Sua )a. Denote by D(S) a C
d,r-neighborhood of
S = (Sa)a, so that if L = (La)a ∈ D(S) then the induced family of discs L
u = (Lua )a ∈ D(S
u).
Similarly, let U ( f ) be a Cd,r-neighborhood of f = ( fa)a so that if g = (ga)a ∈ U ( f ) then the
induced family of maps gu = (gua )a ∈ U ( f
u). Here, U ( f u) comes from the definition of a
parablender as the neighborhood of the k-parameter family f u = ( f ua )a. From Definition 5.1,
we have x = (xa)a, y = (ya)a, z = (za)a ∈ Cd(Ik,Gu(M)) such that
za ∈ Γ
u
a,g xa ∈ W
u
loc(za) and ya ∈ L
u
a so that d(xa, ya) = O(‖a − a0‖
d+1) at a = a0
where Γua,g is the continuation for g
u
a of the cs-blender Γ
u
a for all a ∈ I
k. Set Wa = W
u
loc
(z˜a)
where za = (z˜a,Wa) ∈ Γa × G(u,m) and denoteW = (Wa)a. Hence,
xa = (x˜a,Ea) ∈ W
u
loc(za) implying that Ea = Tx˜aWa and thus xa ∈ Gu(Wa).
Similarly,
ya = (y˜a, Fa) ∈ La implies that Fa ≤ Ty˜aLa and thus ya ∈ Gu(La).
Therefore, by Definition 4.2, L ∩ W has a bifurcation of a tangency of codimension u > 0
at a = a0 which unfolds C
d-non-generically. Since L is part of the stable manifold of Γ, we
obtain a homoclinic tangency, completing the proof.
Appendix A. Estimates for the folding manifold of Example 3.2
We consider the (ss + c)-dimensional folding Cr-manifold of Example 3.2 given by
S : [−2, 2]ss × [−ǫ, ǫ]c → Rm, S(x, t) = (x, (t1, . . . , tu), g(x, t)) ∈ R
ss ×Ru ×Rc
where t = (t1, . . . , tu, . . . , tc) ∈ [−ǫ, ǫ]c and g(x, t) = (g1(x, t), . . . , gi(x, t), . . . , gc(x, t)) with
gi(x, t) = ti for i = u + 1, . . . , c and gi(x, t) =
u−1∑
j=0
t j+1t ju+i for i = 1, . . . , u.
Let t = t(x,E) be the Cr-function on [−2, 2]ss × Cuα computes in Example 3.2. We have that:
Proposition A.1. For every ε > 0 suffices small there is α > 0 such that
C = ‖Dg‖∞ ·max{1, ‖Dt‖∞} ≤ 1 + ε over [−2, 2]
ss × Cuα.
Thus, taking ν < λL/2, we get that Cν < δ for any (1 + ε)ν < δ < λL/2.
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Proof. First of all, notice that for all (x, t) ∈ [−2, 2]ss × [−ǫ, ǫ]c, it holds that
‖Dg(x, t)‖∞
def
= max
i=1,...,c
‖∇gi(x, t) ‖1 = max
{
1, max
i=1,...,u
u−1∑
j=0
t j+1 + t ju+i
}
.
Hence, taking ǫ > 0 small enough we have that ‖Dg‖∞ = 1. On the other hand, by Cramer’s
rule we get that the solution of the linear system At = ~c is given by
ti =
detA∗
i
detA
for i = 1, . . . , c
whereA∗
i
is thematrix formedby replacing the i-th columnofAby the columnvector~c. Notice
that Dt = (∂xt, ∂Et). Since t does not depends on x then ∂xt = 0. Also, since E = 〈v1, . . . , vu〉
with vk = (ak, bk, ck) ∈ R
ss ×Ru ×Rc we have that
∂Et = (∂v1 t, . . . , ∂vut) with ∂vkt = (∂ak t, ∂bkt, ∂ckt) = (0, ∂bkt, ∂ckt) for k = 1, . . . , u.
In the sequelwewill use the symbolDk to denote any partial derivative of the form ∂bkι or ∂ckι .
For each i = 1, . . . , c, using Jacobi’s formula it follows that
Dkti =
Dk(detA
∗
i
) − tr(A−1 ·DkA) · detA
∗
i
detA
.
In particular, since detA∗
i
(x,Eu) = 0 and detA(x,Eu) = 2 we obtain that
Dkti(x,E
u) =
1
2
DdetA∗i | (x,Eu) =
1
2
tr(Adj(A∗i ) ·DkA
∗
i )| (x,Eu)
where Adj(A∗
i
) is the adjugate matrix of A∗
i
. Notice that
Adj(A∗i (x,E
u)) = (Cℓ j)
T with Cℓ j = 0 if j , i and Cℓi = (−1)
ℓ+i · σi for ℓ = 1, . . . , c
where σi = 2 if i = 1 and σi = 2 otherwise. From this follows that
tr(Adj(A∗i ) ·DkA
∗
i )| (x,Eu) = (C1i, . . . ,Cci) ·Dk~c(x,E
u).
IfDk is either, ∂bkι for ι = 1, . . . , u or ∂ckι for ι = u+1, . . . , c thenDk~c = 0 and thusDkti(x,E
u) = 0.
Otherwise,
(C1i, . . . ,Cci) ·Dk~c(x,E
u) = C(k−1)u+ι i and hence Dkti(x,E
u) =
1
2
C(k−1)u+ι i.
Therefore
‖Dt(x,Eu)‖∞ =
1
2
max
i=1,...,c
max
k=1,...,u
u∑
ι=1
C(k−1)u+ι i =
1
2
max
i=1,...,c
max
k=1,...,u
u∑
ι=1
(−1)i+(k−1)u+ισi ≤ 1.
Since Dt varies continuously with respect to (x,E), in fact, it does not depend on x, we
have that ‖Dt(x,E)‖∞ is close to ‖Dt(x,Eu)‖∞ for any E close enough to Eu. Thus, shrinking
α > 0 if necessary, this implies that ‖Dt‖∞ ≤ 1 + ε over [−2, 2]ss × Cuα. Hence, C = ‖Dg‖∞ ·
max{1, ‖Dt‖∞} ≤ 1 + ε for a fixed but arbitrarily small ε > 0. 
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This Cr-manifold S induces a Cr-disc
Hu : [−2, 2]ss × Cuα −→ Gu(R
m), Hu(x,E) = (S(x, t),E) ∈ B × Cuα = Bu
Set hu = P ◦Hu. Here P denotes the standard projection onto Rc. We consider
hˆu(J(ξu)) = J(hu ◦ ξu) = (hu(ξua ), ∂
i
ah
u(ξua ))| a=0 for ξ
u
= (ξua )a ∈ C
d(Rk,Rss × G(u,m))
with
J(ξu) = ((ξ0,E0), ∂
iξu) ∈
(
[−2, 2]ss × Cuα
)
× BR(0)
where BR(0) denotes a closed ball of radius R > 0 at 0 velocity of the jets over Rss × G(u,m).
Proposition A.2. For every ε > 0 suffices small there are R > 0 and α > 0 such that
‖Dhˆu‖∞ ≤ 1 + ε over
(
[−2, 2]ss × Cuα
)
× BR(0).
Proof. First of all notice that the functions g = g(x,E) and t = t(x,E) actually do not depend
on x. Thus we have that
hu(E) ≡ hu(x,E) = g(x, t(x,E)) = g(t,E)
only depends on E ∈ Cuα. In this way,
hˆu(J(E)) = J(hu ◦ E) = (hu(Ea), ∂
ihu(Ea))| a=0 = (g(t(Ea), ∂
ig(t(Ea))))| a=0 (A.1)
for E = (Ea)a ∈ C
d(Ik,G(u,m)) with E0 ∈ Cuα. Denoting ta = t(Ea) for all a ∈ I
k, we can
rewrite (A.1) as
hˆu(J(t)) = (g(ta), ∂
ita)| a=0 where t = (ta)a ∈ C
d(Ik,Rc)
with t0 small enough in norm. Therefore,
Dhˆu =
dhˆu
dJ(t)
·
dJ(t)
dJ(E)
(A.2)
We want to compute ‖Dhˆu(J(Eu))‖∞ where E
u = (Eua )a with E
u
a = E
u
0
= {0ss} × Ru × {0c} for
all a ∈ Ik. To do this, we first show that∥∥∥ dJ(t)
dJ(E)
(J(Eu))
∥∥∥
∞
= ‖Dt(Eu0)‖∞ ≤ 1. (A.3)
Indeed,
J(t) = (ta, ∂
i
ata)| a=0 = (t(E0),T(J(E))) with T(J(E)) =
i−1∑
j=0
(
i − 1
j
)
∂
j
a(Dt(Ea))| a=0 · ∂
i− jE
where J(E) = (Ea, ∂iaEa)| a=0 = (E0, ∂
iE). Hence, since J(Eu) = (Eu
0
, 0) then the partial derivative
of T with respect to E0 at J(E
u) is zero and with respect to ∂iE also at J(Eu) is Dt(Eu
0
). From
this follows (A.3).
By means of a similar computation we can show that∥∥∥ dhˆu
dJ(t)
(J(tu))
∥∥∥
∞
= ‖Dg(tu0)‖∞ = 1. (A.4)
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where tu = (tua )a with t
u
a = t
u(Eua ) = 0 for all a ∈ I
k. Indeed,
hu(J(t)) = (g(t0),G(J(t))) with G(J(t)) =
i−1∑
j=0
(
i − 1
j
)
∂
j
a(Dg(ta))| a=0 · ∂
i− jt
where J(t) = (ta, ∂iata)| a=0 = (t0, ∂
it). Hence, since J(tu) = (tu
0
, 0) then the partial derivative of
G with respect to t0 at J(t
u) is zero and with respect to ∂it also at J(tu) is Dt(tu
0
). From this
follows (A.4).
Finally putting together (A.1)-(A.4) we get that
‖Dhˆu(J(Eu))‖∞ ≤
∥∥∥ dhˆu
dJ(t)
(J(tu))
∥∥∥ · ∥∥∥ dJ(t)
dJ(E)
(J(Eu))
∥∥∥ ≤ 1.
By continuity with respect to J(E), shrinking α > 0 if necessary and taking R > 0 small
enough, we have ‖Dhˆu‖∞ ≤ 1 + ε over
(
[−2, 2]ss × Cuα
)
× BR(0) for a fixed but arbitrarily small
ε > 0. This completes the proof. 
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